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Abstract Given any knot k, there exists a hyperbolic knot k with arbi¬ 
trarily large volume such that the knot group irk is a quotient of nk by a 
map that sends meridian to meridian and longitude to longitude. The knot 
k can be chosen to be ribbon concordant to k and also to have the same 
Alexander invariant as k. 
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1 Introduction 

The classical problem of topology to find all homotopy classes of maps M —> iV 
between given complexes M and N has been variously expanded in recent 
years for the case in which M and N are manifolds of the same dimension; 
for an overview, see EH. In the spirit of this expanded viewpoint as applied 
to knot theory, the authors in EH] showed that given any knot k, there exists 
infinitely many prime knots k admitting an epimorphism of knot groups tt/c —> 
Ttk sending a meridian-longitude pair for k to a. meridian-longitude pair for k. 
We make use of this result, and go further, proving that the knots k can in 
fact be chosen to be hyperbolic with arbitrarily large volumes (see Theorem 
2.2). The knots k that we construct are ribbon concordant to k, and have the 
same Alexander invariant as k] in particular, they have the same Alexander 
polynomial. 

E. Kalfagianni showed in Ej that given any positive integer n, there exists a 
hyperbolic knot with trivial Alexander polynomial, trivial finite type invariants 
of orders < n and volume greater than n. Our result can be seen as a partial 
generalization. 

We are grateful to Abhijit Champanerkar, Tim Cochran and Danny Ruberman 
for helpful discussions. The first author is partially supported by NSF grant 


DMS-0304971. 
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Note added in proof Professor A. Kawauchi has informed the authors that 
many of the results of this paper can be found in m or HU. 


2 Statement of results 

We denote the group 7ri(S'^\Int(P), *) ofaknot k C hyirk. Here V = kxD'^ 
is a tubular neighborhood of k, and * is a basepoint chosen on the boundary 
dV = k X . An essential simple closed curve in dV that is contractible in 
V is called a meridian, and it is denoted by m. An essential simple closed 
curve I C dV that is nullhomologous in \Int(H) is called a longitude. Once 
k is oriented, both m and I acquire induced orientations. The inclusion map 
dV ^ \Int(P) induces an injection of fundamental groups. Its image is the 
subgroup {m,l) generated by m and 1. 

Let ki{i = 1,2) be knots with meridian-longitude pairs 

Definition 2.1 A homomorphism (p : vr/ci ^ 7r/c2 preserves peripheral struc¬ 
ture if the image of is conjugate to a subgroup of (m 2 ,/ 2 )- When cp is 

an epimorphism, we write ki ^ A: 2 . 

The relation ^ is a partial order m- After an appropriate choice of orientation, 
we can assume that 4>{mi) = 7712/2 for some integers p,q,r. 

Since 7712/2 must be in {Trk 2 )" H Z{m 2 ) [HI) we have q = Q. Furthermore, since 
the normal subgroup of 7r/c2 generated by 7112/2 ^^^ 2 , Corollary 2 of 

|H] implies that p G {0,1,—!}; in fact the recent proof that every nontrivial 
knot satisfies Property p HHI implies that p = 0. Hence (p{mi) = m 2 and 
0(/i) = 12- When r = 1, we write k 2 ki. In |2,‘Ij we showed that ki k 2 
implies ki >2 k 2 but not conversely. 

A ribbon concordance from a knot ki to another knot k^ is a smooth con¬ 
cordance C C X / with C n X {i} = ki{i = 0,1), and such that the 
restriction to C of the projection x / ^ / is a Morse function with no local 
maxima. Visualizing such a concordance by cross-sections, we see a sequence 
of saddle points (called fusions) and local minima (the result of shrinking to 
points unknotted, unlinked components). We do not see any local maxima. 

The notion of ribbon concordance was introduced by C. Gordon |Hj, who wrote 
ki > kQ if there is a ribbon concordance from ki to /cq . The term was motivated 
by the fact that a knot k is ribbon concordant to the trivial knot if it bounds an 
immersed disk in with only ribbon singularities. Gordon conjectured that > 
is a partial order. The conjecture remains open. It is immediate from m that 
ribbon concordance does not imply ^, nor does ^ imply ribbon concordance. 
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Theorem 2.2 Let k be a knot. There exists a hypberbolic knot k with the 
following properties. 

(i) k ti k; 

(ii) The Alexander invariants of k and k are isomorphic; 

(iii) k has arbitrarily large volume; 

(iv) k is ribbon concordant to k. 

The 4:-baU genus of a knot A: C is the minimum genus of any properly 

embedded surface F C bounding k. 

Corollary 2.3 Every Alexander polynomial is realized by hyperbolic knots 
with arbitrarily large volume and arbitrarily large 4-ball genus. 

Corollary 2.3 is proven using results of J. Rasmussen m and C. Livingston 
m The statement of Corollary 2.3 was shown earlier by A. Stoimenow using 
more combinatorial methods. 


3 Proof of Theorem 2.2 

The idea for the proof Theorem 2.2 was suggested by m- The rough idea is as 
follows. First, we invoke m so that we may assume without loss of generality 
that k is prime. Having chosen a diagram for k with a minimal number of 
crossings, we introduce a carefully devised unknot (called a “staple”) into a 
small neighborhood of each crossing. The greater part of the proof is devoted 
to showing that the resulting link is hyperbolic. Finally, we perform 1/q surgery 
on each of the staples. Thurston’s hyperbolic surgery theorem implies that the 
resulting knots k will be hyperbolic provided that the values of q are sufficiently 
large. The special form of the staples ensures that k has the same abelian 
invariants as k. 

The main result of [23j implies that there exists a prime knot k such that 
k k. In fact there are infinitely many. Hence we can assume without any 
loss of generality that k is prime. 

Take a regular projection of k with a minimal number m of crossings. We may 
assume that k lies in the projection plane except near the crossings. Number 
the crossings i = 1, ... ,m, and for each i, let Bi be a 3-ball that meets k in 
two subarcs and ti^ that form the ith crossing. Thus each {Bi,ti^ Uti^), 
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abbreviated by {Bi, ti), is either the tangle +1 or — 1 , depending on the crossing 
dh’igure T] ). We also assume that each meets the projection plane in an 
equatorial disk, and that Bi n Bj = (/} when i ^ j ■ We assume that the balls 
Bi are chosen so that A: \ ti U • • • U is in the projection plane. 



+1 -1 

Figure 1: Tangle 


Next we insert an unknot 7 * in the interior of each Bi\ki, as in Figure 2] We 


refer to 7 ^ as a staple. We orient k in order to make the location of each staple 
specific. Note that {Bi,ti,^i) is homeomorphic to {Bj,tj,'yj), for each i and 

j- 



Figure 2: Tangle 

The proof of Theorem 2.2 proceeds by a sequence of lemmas. 
Lemma 3.1 The link L = A: U 71 U • • • U 'jm is unsplittable. 


Proof By construction, the sublink 71 U • • • U jm is trivial. It suffices to show 
that A: U 7 j is unsplittable, for each i. 


It is convenient to have another view of (Bi,ti,ji), obtained in the style of 
Montisenos by stretching dBi into an “arc,” as in [Figure 3 r. Figure S} ) gives 
a view of the 2-fold cover of Bi \ 7 * branched over ti. It is a solid torus Vi 
minus the 2-component link 7* = 7^^ U 7*2 . The program Snap shows that 7* is 
a hyperbolic link in Vj; that is, Int(Vj \ 7 ^) is a hyperbolic 3-manifold. 
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If A:U 7 i is splittable, then there exists a 2-sphere S bounding a pair of 3-balls, 
one containing k, the other, which we call A, containing 7 j. Since each of 
Bi and A contains 7 ^, their interiors intersect. Clearly Bi is not a subset of 
A, as Bi contains two subarcs of k. Therefore if A is not a subset of Bi, we 
can assume that S fl dBi is a finite collection of pairwise disjoint simple closed 
curves. Let a be one of the curves that is innermost in S. 

If a bounds a disk 11 in S' fl cl(S^ \ Bi), then it also bounds a disk D' in dBi 
that is in A, and since D' f] k = 0, the sphere D U D' bounds a 3-ball not 
containing /c U 7 ^. Isotoping D through the ball, we can remove a without 
moving /c U 7 ^ . 

If, on the other hand, a bounds a disk D G Bi, then a also bounds a disk 
D' C dBi that contains no points of ti H dBi , since otherwise either D Dti ^ ^ 
or else D lifts to a pair of meridianal disks of Vi neither of which meets 7 ^^ U 7 i 2 . 
But il n ti = 0 by construction, and 7 *^ U 7^2 is essential in the 2-fold cover of 
Bi branched over ti. Hence D U D' bounds a 3-ball A' G Bi\ti. If 7 ^ G A', 
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then we push D' slightly into Bi and replace S hy DUD'. If 7 * is not a subset 
of A', then we push D through A' into cl(5^ \ i?j), and thereby eliminate a. 

Inductively, we remove all curves of S' H dBi , and assume henceforth that S 
and hence A are contained in the interior of Bi. However, the lift of S to the 
2 -fold cover Vi\yi of Bi \ 7 * branched over ti is a pair of 2 -spheres, each of 
which splits 7 * = 77 1177 • Since Int(Hj\ 5 j) is hyperbolic and hence irreducible, 
this is impossible. Therefore, /c U 7 ^ is unsplittable. □ 

Lemma 3.2 The link L = /c U 71 U • • • U 7 ^ is prime. 

Proof Let S be a 2-sphere that meets L transversely in exactly two points. 
The two points must belong to the same component of L. Suppose first that 
this component is a staple 77 Then S bounds a pair of 3-balls, one of which 
contains k. The other 3-ball, which we call A, contains an arc of 77 which 
must be unknotted as 7 ^ is trivial. It is not possible for A to contain another 
staple Jj, j ^ i, since in that case S would split kUjj, thereby contradicting 
Lemma 3.1. Thus the ball A meets L in an unknotted spanning arc. 

To complete the proof, we need to show that if the two points of 5 n L belong 
to k, then S bounds a ball that intersects L in an unknotted spanning arc. 

Suppose first that S is contained in the interior of some Bi. Then S bounds 
a 3-ball A C Bi meeting ti in a spanning arc of A. Since {Bi,ti) is a trivial 
tangle, this spanning arc is unknotted. The lift of S to the 2-fold cover of 
Bi \ 7 j branched over ti is a 2-sphere bounding a 3-ball that projects to H, as 
Vj \ 7 i is irreducible. Thus 7 * is not contained in A, and hence A meets L in 
an unknotted spanning arc. 

If S is not in the interior of any 3-ball Bi , then we can assume that S fl {dBi U 
• • - AdBm) is a finite collection of pairwise disjoint simple closed curves in which 
S meets dBi U • • • U dBm transversely. Our immediate goal is to show that we 
can move S without disturbing L setwise so that either S is contained in some 
Bi or else S 0 {dBi U • • • U dBm) = 0- 

Let a be a component of 5n {dBi U • • -AdBrn) that is innermost in S. We can 
assume that a C dBi and that a bounds a disk D C S such that D (1 Bj = 0, 
for j ^ i, and either Z) n /c = 0 or else D Cik is one of the two points of S Hk. 
If D n k = ill, then either D C Bi or D C cl(S'^ \ Bi). In the first case, D can 
be moved off Bi, as L is not splittable and ti^ and ti^ are not separated by 
D in Bi\yi. In the second case, a also bounds a disk D' C dBi such that 
the cardinality \D' fik\ is 0,1 or 2. If \D' nk\ = 0, then the sphere D \J D' 
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bounds a 3-ball A such that An L = ^, since L is unsplittable or equivalently 
§^\L is irreducible, and we can therefore push D into Bi and thereby remove 
a without moving L. The case \D' nk\ = 1 cannot occur, since D nk = %. If 
\D' n A:| = 2, then D\J D' bounds a 3-ball outside Int(i?j) containing an arc of 
k and perhaps some of the balls Bj . This implies, however, that the crossing 
of k in Bi is nugatory, contradicting minimality of the projection of k. Hence 
\D' nk\ = 2 also cannot occur. 

Assume now that D nk \s one point, and recall that dD = a C dBi . Then a 
bounds a disk D' C dBi meeting k in one point. 

H D C Bi, then DU D' bounds a 3-ball A C Bi meeting /c in a spanning arc. 
Since {Bi,ti) is a trivial tangle, the arc is unknotted. The irreducibility of the 
2-fold cover of Bi \ 7 * branched over ti implies that 7 * is not a subset of A. 
Hence we can isotop D through A to remove a while keeping L setwise fixed. 

li D C cl(§^ \Bi), then the fact that D is an innermost disk (with dD = a) 
in S implies that D n Bj = 0, for all j ^ i, and hence D nk is a point in the 
projection plane. Let A dnote the 3-ball in with dA = D\J D' and Int(Hj) 
not a subset of A. If A contains any Bj, j ^ i, then we can move D' slightly 
off Bi while keeping k setwise fixed to obtain a 2-sphere D \J D' such that 
{D U D') n {dBi U • • • U dBm) = 0 and such that D\JD' bounds two 3-balls each 
of which contains at least one of the balls Bi,... ,Bm- As we will see shortly, 
this cannot occur, and so Z) H /c is a point in one of the four planar arcs of k 
protruding from Bi. These arcs are unknotted by construction, and no staple 
7 j or ball Bj is now in A. Hence we can push D back into Bi and remove a, 
again while keeping L setwise fixed. 

We can, therefore, assume that either S is contained in some Hj or S' H (Hi U 
• • -nBrn) = 0 • As we have seen, if S is in some Bi, then S bounds a 3-ball in Bi 
meeting L in an unknotted spanning arc. So assume that Sn(HiU- • -UHm) = 0- 
Let Ai and A 2 be the two 3-balls bounded by S. Since k is prime, one of Ai 
and A 2 , say A 2 , meets k in an unknotted spanning arc 6 of A 2 . 

Assume that S is in general position with respect to the projection plane P of 
L. Since the general position isotopy of S can be chosen to fix the two points 
xi and X 2 of S n fc, we can assume that S meets P in a simple closed curve 
containing xi,X 2 together with a collection of simple closed curves bounding 
disks in S. Since we can also assume that S meets a tubular neighborhood 
N oi k (see proof of Lemma 3.3) in two disks, the disks in S bounded by 
the latter curves belong to the handlebody cl(S^ \ cl[(U”i;^Hi) U A^]), and thus 
the curves themselves can be removed by cut and paste arguments. Hence 
there is a simple arc (3 (Z P n S with dj3 = {xi,X 2 } and a subarc a oi k 
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such that k = (a L) U b), where f5 U b is an unknot, and k is ambient 

isotopic to a L> p. Since the projection of A; in P has a minimal number 
of crossings m (equal to the crossing number of k), so does a U /?, and so 

74i D Pi U • • • U Pm D 7 i U • • • U 7m • Therefore, b C P and A 2 n P = 6. □ 

Lemma 3.3 The link L = A: U 71 U ■ ■ • U 'jm is hyperbolic. 

Proof Let A/' be a tubular neighborhood of A: in 5^ \ (71 U • • • U 7 m), and let 
Ni be a tubular neighborhood of 7 ^, i = 1,..., m, such that N,Ni,, Nm are 
pairwise disjoint and iVj C Int(Pj), for each i. We also assume that N n dBi 
is a collection of four meridianal disks of N, for each i. Set Ext(L) = cl(§^ \ 
{N U W U • • • U Nm)). With 7 j = 7 *^ U 7*2 {i = 1,..., m), the trivial link 
7 i U • • • U 7m lifts to a 2m-component link in the 2-fold cover M 2 of k, and 
each Ni lifts to a pair of tubular neighborhoods, and Ni ^, of 77 and 
7 i 2 , respectively, in M 2 . Clearly, Wi H Ni^ = 0 and Wi U W 2 is contained 

in the 2-fold cover of Bi branched over ti, which is in M 2 . We set M = 

Ext( 7 i U • • • U 7 m) = c 1 (M 2 \ U™i(iVjj U Ni^)), which can be shown to be 
irreducible by a straightforward application of Lemma 3.2 and the Z 2 sphere 
theorem m- Since each of Ext(L) and M is an irreducible (in fact, a Haken) 
3-manifold that has torus boundary components and is not a solid torus, it is 
a standard fact that each of them has incompressible boundary. 

To see that L is hyperbolic, we need to show that S^\L is not a Seifert fibered 
space and that every incompressible torus is Ext(L) is boundary parallel |2bj . 
That \ L is not Seifert fibered follows from (2], which yields a geometric 
description of the unsplittable links in with Seifert fibered complements. 
Each component of such a link can be chosen to be a fiber of some Seifert 
fibration of In particular, our link L has four or more components, so if 
§^\L is Seifert fibered, then either (1) each component of L is unknotted; or (2) 
one or two components are unknotted and each of the remaining components 
is a nontrivial torus knot (of a given fixed type (a,/?)); or (3) all components 
are nontrivial torus knots of the same type. Since L has exactly one knotted 
component but three or more unknotted components, it follows that is not 
Seifert fibered. 

We show now that Ext(L) is atoroidal, by which we mean that every in¬ 
compressible torus in Ext(L) is boundary parallel. (Our argument was sug¬ 
gested by that of Case 3 in the proof of Theorem 2 of [H].) Suppose first 
that a torus T C Ext(L) is incompressible but not boundary parallel and that 
T C \ni[Bi \ (tj U 7 j)], for some i. Then the lift T of T to 14 \ 7 i is either one or 
two tori. Since Vi\yi is hyperbolic (and thus atoroidal), there is a compressing 
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disk L) for T in Vi \ 7 * such that g{D) H Z) = 0, or g{D) = D and D meets 
the fixed point set ii of the involution g transversely in a single point m (see 
also Theorem 3 of jH])- Let D denote the image of D under the projection 
map Vj \ 7 j ^ Bi\yi. If g[D) n l) = 0, then the disk D compresses T in 
Int[i?i \ {ti U 7 i)], which is a contradiction. If, however, g{D) = D, then the 
disk D meets or ti^ - say transversely in a single point. We then split 
T along D to obtain a 2-sphere S meeting in two points. As was shown 
in the proof of Lemma 3.2, S bounds a 3-ball A in ilj \ 7 * meeting in a 
spanning arc of A. It is now clear that T itself must bound the exterior of a 
nontrivial knot in Bi\'yi, since T is incompressible. This, however, implies 
that ti^ is a knotted arc, which is a contradiction. Hence T is not contained in 
lnt[Bi \ {ti U 7 i)], for any i. 

On the other hand, the incompressible torus T C Ext(L) is also not in cl[S^ \ 
{N U U^^Bi] , as this is clearly a handlebody ( 7 ^ x D"^) . 

Thus we can assume that T n {dBi U ■ ■ ■ U dBm) is a finite collection of disjoint 
simple closed curves along which T and dBi U • • • U dBm meet transversely. 
Let a be one of these curves, on Bi say. 

If a is homotopically trivial on T, then it bounds a disk D C T, and we can 
assume that a is innermost on T in the sense that there is no curve a' in 
T n {dBi U • • • U dBm) such that a' C Int(D). Note that a n d(ti^ VJti^) = % 
and that D is properly imbedded in Bi \ {ti^ U U 7 *) or in cl(S^ \ Bi). 

Case 1 D C Bi\ Utjj 07 ^) In this case, the disk D lifts to a pair of disks 
Di and D 2 in Vj \ 7 ^, each of which is properly imbedded with dDj C dVi and 
Dj n ( 7 * Utj) = 0 (j = 1,2 and i fixed). Since moreover dVi is incompressible 
in Vi\ji, it follows that dDi and dD 2 (the lifts of a) bound disks D[ and 
D 2 , respectively, in dVi such that n dti = ^ {j = 1,2). The projection of 
D[ UD 2 is a disk D' C dBi such that D' nd{ti^ Uti^) = 0 and dD' = a, and so 
DUD' bounds a 3-ball A in Bi such that AnL = 0, since §^\L is irreducible. 
Thus we can isotop T to remove a. 

Case 2 D cl(§^ \ Bi) The curve a bounds two disks Di,D 2 C dBi such 
that Dir)D 2 = a and D 1 UD 2 = dBi. If each of Int(iZi) and Int(H 2 ) contains 
a point of d{ti^ Uti^), then the minimal number of points in either disk is one 
or two. Since D contains no points of k, however, this minimal number clearly 
must be two, and since |9(ti^ U ti^)\ = 4, each of Int(Zli) and Int(Zl 2 ) must 
therefore contain two points of k. Using Di, say, it follows that D U Di is a 
2-sphere meeting L in two points of k. Since L is prime, D U Di bounds a 
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3-ball meeting L in an unknotted arc b, a subarc of k. Considering Bi, this 
implies that either k consists of two components or the crossing of and 
in Bi is nugatory. Since neither of these is possible, one of Di and D 2 must 
miss d{ti^ U tjj)) say Di. By irreducibility of \ L, it follows that D U Di 
bounds a 3-ball A C cl(S^ \ Bi) such that A fl L = 0, and we can move T to 
eliminate a. 

Application of Cases 1 and 2 can be used to remove all other curves in T n 
{dBi U • • • U dBm) that are homotopically trivial in T without disturbing the 
remaining curves. We therefore assume now that T n {dBi U • • • U dBm) is 
a collection of homotopically nontrivial curves in T, which must of course be 
parallel. If this collection is empty, then T is either in some Bi or else T is in 
the handlebody cl[S^ \ {NlMf[k^Bi)]. Clearly then, a pair of curves, a\ and 02 , 
in T n {dBi U • • • U dBm) must bound an annulus F in T with F C \ (t * U 7* ) , 
for some i, and no a' in T n {dBi U • • • U dBm) is contained in Int(F). We 
now show that either F bounds a tubular neighborhood of or ti^ in Bi \ 7 ^ 
or else F can be slightly isotoped off Bi. 

The curves ai and 02 bound disjoint disks Di and D 2 , respectively, in dBi , 
and Int(Z)j) d{ti^ U tjj) 7 ^ ^ (j = 1)2). Since |lk(/c,ai)| = \Yk{k,a 2 )\ and 
\dBi n d{ti^ U tij)! = 4, there are three possible cases, two of which we combine 
into Case (b). 

Case (a) |Int(T>j) n d{ti-^ U ti^)\ = 1 (j = 1,2) Since Di U F U D 2 is a 
2-sphere S, it is clear that each of Int(Fi) and Int(Z) 2 ) contains an endpoint 
of the same arc , say. Isotoping S into Bi, it follows that S bounds a 3-ball 
A in Fj \ 7 j meeting ti^ in an unknotted spanning arc of A (as in the proof 
of Lemma 3.2.) Isotoping S back to its original position, it follows that F is 
boundary parallel. (Recall that we began with the original assumption that 
T C Ext(L).) 

Case (b) Either |Int(Fj) n ^(t^ ULj)! = 2 ( j = 1,2), or |Int(Z)i) n 9(ti^ U 
tij)! = 1 and |Int(Z) 2 ) H d{ti-^ U fij)! = 3. (In the second possiblity, the disks’ 
numbering can be switched.) 

Let F' denote the annulus cl[dBi \ {Di U II 2 )], and isotop the torus F U F' 
slightly into Int[Ri \ (L U 7 ^)] without moving L setwise. As we have seen, 
the image torus must be compressible in Int[Ri \ (L U 7 ^)]. Now there exist 
knot exteriors Ai and A 2 (at least one of which is a solid torus) such that 
= Ai U A 2 with Ai n A 2 = F \J F'. One of Ai and A 2 (say Ai) is in 
Int[Rj \ (tj U 7 i)]; suppose that Ai is the exterior of a nontrivial knot k ', that is, 
suppose that Ai is not a solid torus. Then the compressing disk D of F\JF' in 
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Int[i?j \ {ti U 7 i)] is properly imbedded in A 2 . The boundary dD is not parallel 
to ai (or to 02 ) in F L) F', since each of oi and 02 represents a nontrivial 
element of ttL (see Case 2). If {dD,i') is a meridian-longitude pair for k’ 
(with C dAi = F \J F'), it follows that oi represents an element of 

Trk'{= ttAi) of the form {dDY{i')^, where p,q € Z with q ^ 0. This means, 
however, that as a simple closed curve in oi must be knotted. But oi 
bounds a compressing disk for T in §^, and we have a contradiction. Hence Ai 
is a solid torus. Moving FUF' back to its original position, we can thus isotop 
F through Ai off Bi without disturbing L, since ai and a 2 are unknotted in 
S^. 

Applying Cases (a) and (b) to TU(HiU- • -UBm), we can assume that TU(BiU 
• • • U Bm) is empty except when Case (a) holds for some collection Bi^, ■ ■ ■, Bi^ 
(1 < r < m). If r U (Hi U • • • U Bm) = 0, then T is in the handlebody 
cl[§^ \ {N U which is a contradiction, since T is incompressible in 

Ext(L). Thus we assume that, for some i, T meets Bi in an annulus F that 
is boundary parallel (in Bi) to dN. The following proposition will enable us 
to conclude the proof of the lemma. 

Proposition 3.4 Let (5 = PiU ■ ■ - U Pn be a prime link in of n components, 
and let T be a torus imbedded in \ /3. Suppose that D is a compressing 
disk for T (in ) meeting P transversely in a single point. Then either P is 
contained in one component ofS^\T or else T bounds a tubular neighborhood 
of Pi, for some i. 


Proof Assume that Hn/3 = Hn/3i is the single point of transverse intersection. 
Assume also that P is not contained in one component of \ T. If some of 
P 2 ,...,Pn are contained in each component, then we surger T along D to 
obtain a splitting 2-sphere S for P ([Figure 4)), contradicting primality. 


Assume now that P 2 U ■ ■ - U Pn lies in the component of \ T not containing Pi 
( Figure 5t a)). As in the previous case, surger T along D to obtain a 2-sphere 
S ( [Figure 5t b)). Let B be the 3-ball with boundary S that does not contain 
P 2 U ■■■ Li Pn- By primality of P, the 1-tangle (B,B U Pi) must be trivial. 
Regard the neighborhood of D removed in surgery as a 1-handle h with core 
equal to the part of Pi not contained in H. It is easy to arrange for h to miss 
P 2 Li ■■ - Li Pn, since the disk D does not intersect it. Now BLih is a solid torus 
V bounded by T. Moreover, the product structure on h extends over B so 
that Pi is the core of V (Figure 6)). □ 
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Figure 4: Splitting 2-sphere S 



Figure 5: Surgery on T 


Continuing with the proof of Lemma 3.3, we have TClBi = F, which is boundary 
parallel to the tubular neighborhood of A:. The boundary dF is a pair of 
unknotted curves, ai and 02 , bounding disks Hi and D 2 in dBi, which are 
compressing disks for T, each meeting k transversely in one point. If Tr\Bj = 0, 
for some j ^ i, then Bj is contained in a component Ui of \ T. Hence 
k U 'jj C Ui, and by Proposition 3.4, L C Ui. But if U 2 denotes the other 
component of \ T, it is clear that n 1/2 7 ^ 0 and, moreover, that 'ji C U 2 - 
Thus T n Bj 7 ^ 0, for all j , and T is boundary parallel. Therefore Ext(L) is 
atoroidal, and the proof of Lemma 3.3 is complete. □ 

Since 71 is unknotted in and represents the trivial element in itk, a l/qi- 
surgery on 71 changes k into a knot ki such that ki k. Now, 72 C B 2 , and 
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Figure 6 : BUh seen as solid torus 


the 1 /gi -surgery on 71 can be regarded as a (—gi) -twist on a disk Di C Bi 
that is transverse to k such that dDi = 71 and Hi n A: is a set of four points. 
Thus since Bi (1 B 2 = 0, it follows that 72 represents the trivial element of 
irki , and hence that a 1 /q 2 -surgery on 72 changes ki into a knot /c 2 such that 
k 2 ki- Continuing this process, we arrive at the mth stage, in which we do 
l/^m-surgery on 7 ^. This changes km-i into a knot k^ such that km hi km-i ■ 
Thus 


km —1 km—1 ki ^1 k, 


and so km hi k. By Thurston’s hyperbolic surgery theorem excluding all 
but a finite number of possible values of G Z for each i assures that km is 
hyperbolic. Hence statement (i) of Theorem 2.2 is proved. 


In order to prove statement (ii) we observe that the staples 7 * bound pairwise 
disjoint ribbon disks in the complement of k ( Figure 7| ). The disks can be 
lifted to the infinite cyclic cover of k, and since any two lifts meet only in 
ribbon singularities, it follows that each 7 ^ represents an element of the second 
commutator subgroup of irk. Hence l/g'-surgery on 7 ^ will not change the 
Alexander invariant (see Lemma 2 of UHl). 


Next we prove statement (iii). Let ko be a hyperbolic knot with trivial Alexan¬ 
der polynomial. Consider the connected sum k' = A:(J/cott • • • tl^o of k with N 
copies of /co, where N is an arbitrary positive number. By m there exists a 
prime knot k" such that k" hik'. A proper degree-1 map can be constructed 
from Ext(A:'') to Ext(A;'), and hence by [3 the simplicial volume of k" is no 
less than the simplicial volume of k'. However, the simplicial volume of k' is 
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at least N times that of ko, which is greater than zero. Consequently, the sim- 
plicial volume of k” can be made arbitrarily large by choosing N sufficiently 
large. By part (i) of Theorem 2.2, we can find a hyperbolic knot k such that 
k'^ik”. As before, the simplicial volume of k is at least as large as that of k", 
and hence the hyperbolic volume of k can be made arbitrarily large. 

By dSI and part (ii) of Theorem 2.2, the knots k', k" and k have the same 
Alexander invariants. Since k and k' have isomorphic Alexander invariants, so 
do k and k. 




Finally we prove statement (iv). The key idea is that 1/q-surgery on any 
staple 7 converts any knot /c to a knot that is ribbon concordant to k. This is 
immediately seen in Figures |S1 and |H1 In [Figure 8} we see the staple redrawn so 
that it bounds an obvious 2-disk. We perform 1/g-surgery by cutting, twisting 
—q full times and reconnecting the strands of k that pass through the disk. 


Figure 9 shows how a pair of fusions produces two unknotted, unlinked circles 
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that can be shrunk to points. Hence the knot produced from k by surgery is 
ribbon concordant to k. 



o 


Figure 9: Ribbon fusions recovering k 

Recall that we began the proof of Theorem 2.2 by appealing to the main result 
of |23]- There we began with any knot k, and produced a prime knot by surgery 
on an unknot C that is not a staple. We complete the proof of Theorem 2.2 
(iv) by showing that in fact C can be taken to be a staple. 

According to Proposition 2.5 of [1], we can consider k as the numerator closure 
of a tangle T that is either prime or rational. Form the 2-component link 
L = A: U 7 ( [Figure lO] ). 

Let (H, t, 7 ) be any tangle, where R is a 3-ball, t is a finite collection of disjoint, 
properly embedded spanning arcs of B, and 7 is a finite collection of disjoint 
simple closed curves in Int(i? \ t) such that f 7 ^ 0. Following and P, we 
will say that (R, f, 7 ) is prime if it has the following properties. 

(i) (No connected summand) Each 2-sphere in B intersecting f U 7 trans¬ 
versely in two points bounds a 3-ball in B that meets f U 7 in an unknotted 
spanning arc. 

(ii) (Disk inseparable ) No properly embedded disk in B \ (tU y) separates 
f U 7 . 

(hi) (Indivisible) Any properly embedded disk D in B such that D n 7 = 0 
and such that D meets exactly one component of t transversely in a single 
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Figure 10: 2-component link L = kUj 


point divides into two tangles and {B 2 ,t",'y) such that t' 

has only one component and that component is unknotted. 


Lemma 3.5 


The tangle {B,t,’j) in Figure 10 is prime, where t 


tl U t2 • 


Proof Form the denominator closure B^. According to the program Snap, a 
computer program developed at Melbourne University for studying arithmetic 
invariants of hyperbolic 3-manifolds (http://www.ms.unimelb.edu.au/ snap/), 
B^ is a hyperbolic link. Hence (H, t, 7 ) has no connected summand since 
otherwise B^ would have a connected summand. 

Furthermore, {B,t,’j) is disk inseparable since the 2-fold cover U \ 7 of H \ 7 
branched over t is hyperbolic. A properly embedded disk in H \ (t U 7 ) lifts to 
two disks in U \ (t U 7 ), each of which forms a 2-sphere with a corresponding 
disk in dV that bounds a 3-ball in V missing tU 7 . Each of these balls projects 
to the same 3-ball in H \ (t U 7 ). 

According to Proposition 1.5 of m, any tangle that has no connected sum¬ 
mand, is disk inseparable, and has at most two spanning arcs is prime. Hence 
{B, t, 7 ) is prime. □ 


Lemma 3.6 The link L = k Uj is prime. 


Proof Since {B,t,'j) is prime, this follows immediately from Theorem 1.10 of 
m if T is a prime tangle. If T is rational, then we can replace it with a prime 
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tangle Ti such that = k. The tangle Ti is obtained as a partial sum of T 
with the prime tangle T 2 as shown in |h'igure 11 It follows from Theorem 3 of 
na that Ti is prime, since T 2 is prime. Hence again L is prime. □ 


The remaining argument of |23] applies now, completing the proof of Theorem 
2.2 (iv). 



Figure 11: The knot k as the numerator closure of Ti 


Proof of Corollary 2.3 Let be the untwisted double of a trefoil. Corol¬ 
lary 5 and Theorem 1 of na together imply that the 4-ball genus of the con¬ 
nected sum • • • tJfco can be made arbitrarily large by increasing the number 

of summands fco. (The results of |15| are convenient for us, but earlier work 
of Rudolph |22j could be used instead.) We replace k by feljfcojj • • • jj/co, which 
has the same Alexander invariant, and apply Theorem 2.2. Since the resulting 
knot k is (ribbon) concordant, the two knots have the same 4-ball genus. □ 
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